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Abstract
The Euclidean version of the Yang–Mills theory coupled to a massive dilaton is investigated. Our analytical and numerical results implies the
existence of an infinite number of branches of globally regular, spherically symmetric, dyonic type solutions. The solutions exist for m 0, where
m denotes the mass of the dilaton field, and the different branches are labeled by the number of nodes of the gauge field function W . They have a
finite action and provide new saddle points, relevant in the Euclidean path integral.
© 2007 Elsevier B.V.
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Open access under CC BY license.1. Introduction
Motivated mainly by the Bartnik–McKinnon discovery [1]
of globally regular, static, spherically symmetric solutions of
the Einstein–Yang–Mills (EYM) equations and similar results
obtained in EYM and Yang–Mills (YM) theories coupled to
a dilaton field [2–7], the Euclidean version of the EYM and
YM theory coupled to a dilaton were investigated recently [8,
9]. In four-dimensional space–time with Lorentzian signature,
the electric part of the non-Abelian SU(2) gauge field necessar-
ily vanishes for asymptotically flat solutions [10,11]; in the case
of an Euclidean signature the situation is different: the electric
field plays the role similar to an Higgs field of the Lorentzian
sector [12]; as a consequence nontrivial solutions, of dyon-type,
exist [8,9].
In these investigations, the dilaton field was considered to
be massless. On the other hand a massless dilaton would vi-
olate the equivalence principle and thus there are very strong
experimental bounds on the dilatonic coupling constant in this
case [13–15]. It could be, however, that some mechanism (e.g.,
supersymmetry breaking) leads to an effective potential driving
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Open access under CC BY license.the dilaton and that this potential develops stable or metastable
minima. For configurations close to a local minimum of the po-
tential, a quadratic approximation V (φ) ∼ m2φ2 can be used.
Then, the experimental bounds are relaxed and a massive dila-
ton could even be thought as a possible candidate for an expla-
nation of dark matter in the Universe (see, e.g., [16,17]). It is
therefore of a certain interest to investigate Euclidean solutions
in the YM theory coupled to a massive dilaton. This is exactly
the aim of present Letter.
The rest of the Letter is organized as follows: in Section 2
we formulate our model, derive the equations of motion and the
asymptotic behaviour of finite action solutions. In Section 3 we
discuss some special solutions of our system. In Section 4 we
present our numerical results. Section 5 contains some conclud-
ing remarks.
2. The model
The starting point of our investigation is the Euclidean ver-
sion of the Yang–Mills theory coupled to a dilaton field φ. It is
defined by the Euclidean action
(1)SE =
∫ (1
2
∂μφ∂
μφ + e
2γφ
4g2
FμνF
μν + V (φ)
)
d4x,
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V (φ) is the potential of the dilaton field φ, γ and g denote
respectively the dilatonic and gauge coupling constants. The
simplest choice for the dilaton potential is just a mass term:
(2)V (φ) = 1
2
m2φ2,
where m is the dilaton mass.
2.1. The ansatz and equations
In this Letter, we restrict ourselves to the gauge group SU(2)
and we are interested in spherically symmetric solutions. Fol-
lowing [18,19] the general spherically symmetric SU(2) Yang–
Mills potentials can be parameterized as follows:
Aa0 =
xa
r
u(r),
(3)Aaj = jakxk
1 − W(r)
r2
+
[
δja − xjxa
r2
]
A1
r
+ xjxa
r2
A2,
where W,A1,A2, u are functions of the coordinate r =
√
x2i ,
i, j = 1,2,3 refer to spatial indices and a, b = 1,2,3 are group
indices. It is well known that the functions A1, A2 can be elim-
inated by a suitable gauge transformation. We will therefore set
them to zero without loosing generality.
The Euclidean action is defined as follows:
(4)SE =
τmax∫
0
dτ Sred,
in terms of the reduced action Sred and where τ = x4 represents
Euclidean time. The explicit form of the reduced action is ob-
tained after some algebraic calculations leading to:
(5)Sred =
∫
dr Lymd,
with
(6)Lymd = 12 r
2φ′2 + 1
2
m2r2φ2 + e2γφLym,
and
(7)Lym = 1
g2
(
W ′2 + (1 − W
2)2
2r2
+ 1
2
r2u′2 + W 2u2
)
.
In these expression and in the following, the prime denotes the
derivative with respect to r .
The equations of motion which follow from the reduced ac-
tion (5) read:
(8)W ′′ = −2γφ′W ′ − (1 − W
2)W
r2
+ Wu2,
(9)u′′ = −2u
′
r
− 2γφ′u′ + 2
r2
W 2u,
φ′′ = −2
r
φ′ + 2γ e
2γφ
g2r2
(
W ′2 + (1 − W
2)2
2r2
(10)+ r
2u′2 + W 2u2
)
+ m2φ.2The rescaling
(11)φ → φ
γ
, r → γ
g
r, u → g
γ
u, m → g
γ
m,
eliminates the dependance of the classical equations on the
gauge and dilatonic coupling constants g and γ , respectively.
In the following, we take advantage of this rescaling to set
γ = g = 1 without loosing generality.
2.2. Asymptotic behaviour
Close to r = 0 we find a 3-parameter family of solutions reg-
ular at the origin. The different radial functions can be expanded
as powers of r in terms of three arbitrary constants, say b, u1
and φ0, as follows:
(12)W(r) = 1 − br2 + O(r4),
(13)u(r) = u1r − u12 r
2 + O(r3),
(14)φ(r) = φ0 +
(
1
6
m2φ0 + 2e2φ0
(
b2 + u1
4
))
r2 + O(r3).
The behaviour of the solutions at infinity is more involved.
In leading order we have:
(15)W(r) = Ce−UrrQe
(
1 + O
(
1
r
))
,
(16)u(r) = U − Qe
r
+ O
(
1
r5
)
,
(17)φ(r) = −1 + Qe
2
m2
1
r4
+ O
(
1
r6
)
.
So that, asymptotically, the solutions are characterized by three
free parameters U,Qe and C.
Note that in the massless case the shift of dilaton field φ →
φ + φ˜ for any finite value φ˜ can be compensated by a rescaling
of r and u as follows:
(18)r → reφ˜ , u → ue−φ˜ .
This symmetry is obviously broken by dilaton mass term. For
finite action solutions, however, the normalization φ∞ ≡ φ(r =
∞) = 0 as to be imposed.
3. Special solutions
There are a few special solutions of the system which play
an important role in the discussion of the pattern of classical
solutions. The simplest of them is the vacuum solution:
(19)W(r) = ±1, u(r) = 0, φ(r) = 0.
Note that W(0) = 1 and W(0) = −1 are gauge equivalent. As
anticipated in Eq. (12) we choose the positive sign for W(0)
throughout this Letter, like in the standard literature on the
topic.
In the massless case the equations of motion admit an ele-
gant solution [6,9,12], for which the gauge field amplitudes are
simply
(20)W(r) = 0, u(r) = U,
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given by the non trivial function:
(21)φ(r) = φ(0)ab (r) ≡ − ln
(
1 + 1
r
)
.
In the massive case the Abelian solution is modified as follows:
the gauge amplitudes W(r) and u(r) are the same as in Eq. (20)
while the dilaton field now satisfy the massive equation [20]
(22)φ′′ = −2
r
φ′ + e
2φ
r4
+ m2φ,
which, unfortunately, cannot be integrated analytically; we will
nevertheless denote the solution φ = φ(m)ab . This Abelian solu-
tion plays an important role since, as it will appear in the next
section, the non-Abelian solutions of the full system will ap-
proach it in specific limits of the parameters.
In the regime, where the dilaton decouples, φ ≡ 0, one finds
the BPS monopole solution. Note that, in flat space–time, there
are no radial excitations of the BPS monopole [21] in contrast
to the case when gravity is taken into account [22,23].
4. Numerical results
We integrated the equations of motion (8)–(10) using the dif-
ferential equations solver COLSYS [24]. To construct solutions
we used the following boundary conditions:
(23)W(0) = 1, u(0) = 0, φ(r)′|r=0 = 0
at the origin and
(24)W(∞) = 0, u(∞) = U, φ(∞) = 0
at infinity, the constant U is fixed by hand, we assume U  0
without loosing generality. In the following we denote n the
number of nodes of the gauge field amplitude W .
From the solutions found numerically with fixed U , m and
n, one can extract the numerical values of b, u1 as well as
the parameters entering in the asymptotic behaviour through
Eqs. (12)–(14) and Eqs. (15)–(17). Examples of solutions with
n = 0,1,2 are shown on Fig. 1, where the profiles of W(r),u(r)
and φ(r) are plotted for U = 1.0 and m2 = 10.0. Typically, the
dilaton field grows monotonically from some (negative) value
φ0 at r = 0 to φ∞ = 0 at r = ∞. The electric component of
the YM field, u(r), also grows monotonically from u(0) = 0 to
u(∞) = U and the gauge amplitude W(r) starts from its vac-
uum value W(0) = 1, develops n oscillations for the solution
with n nodes and then tends exponentially to zero according to
Eq. (15).
In order to interpret our numerical results, we find it con-
venient to analyze the Yang–Mills part of the action density,
i.e., the piece Lym, Eq. (7), appearing in the full action density
Eq. (6). There are two factors which can make Lym large in the
neighborhood of the core of the soliton: (i) the case U  1, (ii)
the case when many nodes are present, the function (W ′)2 and
the ratio (1 −W 2)/r then lead to important contributions to the
action density.
The consequence of these features on the pattern of solutions
is observed already in the massless case [9]. Keeping n fixedFig. 1. The profiles of the gauge functions W(r), u(r) and of the dilaton φ(r)
for U = 1, m2 = 10 and n = 0,1,2-solutions.
and increasing the parameter U , we observe a decreasing of the
value φ0. The factor exp(2φ) then get very small and decreases
considerably the contribution to the action of Lym in the region
of the core of the soliton (i.e., for r ∼ 0).
In the case of a massive dilaton, the situation is more com-
plex because, increasing too much the value of the mass para-
meter m also leads to a large contribution due to the mass term
in the action density. There appears to be a competition between
the Yang–Mills part and the dilaton part.
Note that in the problem under consideration we have three
different scales: the YMD scale, lymd = γg , the ‘monopole’
scale, lmon = 1U and the scale associated with the dilaton mass,
ldilaton = 1m . With the rescaling (11) we effectively put lymd = 1,
so we still have two scales to vary. It turns out that the large m2
behaviour of nodeless solutions and solutions with the nodes
are different. So we discuss these cases separately.
4.1. Zero-node solutions
The result of the competition between the Yang–Mills field
and the massive dilaton is illustrated by Fig. 2, where the value
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φ0 is plotted as function of m2 for several values of U for lowest
branch of solutions, i.e., with no nodes.
For small values of U , we see that increasing the mass of the
dilaton has the effect to increase the value φ0 monotonically. As
a consequence, for large enough dilaton masses, the function
φ(r) becomes uniformly small and the corresponding Yang–
Mills field converges to the BPS monopole, suitably rescaled,
since U 	= 1. For U > 1 the scenario is different, as suggested
by Fig. 2. Indeed, increasing m, we observe that the value φ0 be-
comes more negative in the region of the origin, so that the large
values of Lym are lowered by the dilaton factor. While keeping
m increasing, we observe that the value φ0 reaches a minimum
for some m = mcr and then increases to reach zero. We would
like to point out that our numerical analysis becomes rather in-
volved for m2 > 1000. The occurrence of a minimal value for
φ0 can be related to the balance between the Yang–Mills and
dilaton pieces of the action density. This appear on the curve
corresponding to U = 4. For 0 < m2 < 600, the solution the
Yang–Mills part is moderated by mean of a very low dilaton at
the origin (typically φ0 = −3 for m2 ∼ 500); for larger values
of the mass (typically m2 > 1000), the mass term wins, forcing
the dilaton to deviates only a little from φ = 0. While theoret-
ically the curves on Fig. 2 continue for any value of m2 and,
for m → ∞, end at the analytically known BPS monopole so-
lution, in numerical calculations we stop at some finite values
of m2, close to this fixed point.
The behaviour of the solutions in the large U limit and with
m > 0 fixed is illustrated by Fig. 3 in the case n = 0 and m2 =
10. On this figure, the Yang–Mills action density and the dilaton
function φ(r) for three values of U , namely U = 2,10,100 are
reported. We see in particular that the density Lym reaches its
maximum closer to the origin while increasing U . The position
of the maximum can be used to define the radius of the soliton
core. Outside this core the dilaton field approaches the profile
φ
(m)
ab (which is m dependant) in a larger and larger region of
space. Only inside the core does the dilaton deviates from φ(m)ab .
Interestingly, our numerical analysis strongly suggest that forFig. 3. The Yang–Mills energy density and the dilaton function as functions of
r for m2 = 10.0 and U = 2.0,10,100, respectively by the solid, dashed and
dotted lines for n = 0-solutions.
Fig. 4. The value φ0 as function of δ ≡ φ0 + ln(U) for m2 = 0,10,100 for
n = 0-solutions.
large U , the relation
(25)φ0 = F − ln(U), with F = const for U → ∞
holds, for both cases m = 0 and m 	= 0. In the massless case [9]
this relation leads to the existence of critical value Uˆcr which
appears more clearly once the solutions are transformed to an
alternative gauge, say φˆ, Uˆ where φˆ(0) = 0 by using an appro-
priate translation of the dilaton field by means of the symmetry
Eq. (18). The critical value Uˆcr is then determined by exp(F )
where F is the constant above. Our result strongly suggest that
the constant F is independent on m; at least this was checked
with a good level of accuracy for 0m2  100.
This remarkable numerical result shows that the critical
value are independent on the mass and simplifies considerably
the analysis of the domain of the solutions. It is illustrated on
Fig. 4 where the value φ0 is plotted as a function of the para-
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functions of ln(U) for m2 = 0,10,100 and n = 0-solutions.
meter δ ≡ φ0 + ln(U) for m2 = 0,10,100. In this case, we find
F ≈ −1.08.
The values of Euclidean action A = Sred and parameter Qe
(appearing in (17)) are plotted as function of ln(U) for m2 =
0,10,100 for zero nodes solutions on Fig. 5.
4.2. Solutions with nodes
For m2 > 0, the node solutions constructed in [9] (in the
massless case) get smoothly deformed by the dilaton mass pa-
rameter. Keeping U fixed and increasing the mass, we observe
that the value of the dilaton function at the origin becomes more
and more negative. This is due to the fact that, the position of
the node, say r0, of the function W , is very close to the origin,
so that the terms W ′ and (1 − W 2)2/r2 are quite large in this
region and favorize negative values of φ(r) for r ∈ [0, r0]. This
is illustrated by Fig. 6 where the values φ0 are reported as func-
tion of m2 for U = 0.1 and U = 1.0 (for larger U the pattern is
the same). Note that the behaviour of φ0 of Fig. 6 is different
from the zero-node case Fig. 2 and this difference is explained
by absence of radial excitations of BPS monopole in flat space–
time [21]. For m → ∞ sequence of solutions on Fig. 6 tends to
the massive Abelian solution (20), (21), discussed in Section 3.
The limit of the one node solutions for large U was also
investigated for several values of m and is illustrated on Fig. 7.
We see in particular on this figure that the property (25) also
hold for one-node solution. Here we find F ≈ −4.70.
Finally, the values of Euclidean action A = Sred and of
the parameter Qe are plotted as function of ln(U) for m2 =
0,10,100 for one nodes solutions on Fig. 8.
5. Concluding remarks
In the present study we investigated O(3)-symmetric solu-
tions of four-dimensional Euclidean YMD theory with a mas-
sive dilaton and found branches of dyonic type solutions for
any values of dilaton mass m. They can also be viewed as sta-Fig. 6. The parameter φ0 as function of m2 for U = 0.1,1.0 and for
n = 1-solutions.
Fig. 7. The parameter φ0 as function of δ ≡ φ0 + ln(U) for m2 = 0,10,100
and for n = 1-solutions.
Fig. 8. The value of Euclidean action A = Sred and parameter Qe as functions
of ln(U) for m2 = 0,10,100 and for n = 1-solutions.
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Lorentzian signature. Note that in pure Euclidean YM theory
solutions with O(4)-symmetry are the well known instantons.
Simple scaling arguments show that there should not be any
finite action O(4)-symmetric solutions in the combined YM-
dilaton theory.
The electric component of YM field in the Euclidean the-
ory plays role similar to the Higgs field and, accordingly, the
present model is very similar to the static, spherically symmet-
ric sector of the YM-Higgs model investigated by Forgács and
Gyürüsi (FG) [20]. The main difference with the FG model is
in the way the dilaton field couples to the Higgs part of the La-
grangian.
Classical solutions obtained in the context of Euclidean
space–time signature can be used in the saddle point approx-
imation of path integrals. Once coupled to gravity they further
play a role in the Euclidean approach to quantum gravity where
quantum amplitudes are defined by sums over positive defi-
nite metrics [25]. Euclidean solutions are also typically used to
describe tunneling processes and theories at non-zero tempera-
ture. The solutions discussed in present Letter might be relevant
to string theory at non-zero temperature. The results obtained
in the present simplified model can be used to investigate more
difficult and realistic cases including gravity.
It was shown [26] that the static spherically symmetric so-
lutions of YM-dilaton theory found in [5–7] have sphaleronic
nature, similar to their EYM “relatives” [27–29]; namely they
have unstable mode(s), half-integer topological charge and
there are fermionic zero modes in the background of these so-
lutions. The interpretation of the Euclidean solutions discussed
in the present Letter depends in particular on the number of
their negative modes in analyzing the spectrum of small pertur-
bations about them. We plan to address this topic in a further
work.
Another interesting topic for further study is the investiga-
tion of Euclidean generalizations of axially symmetric [30] and
platonic [31] solutions of YMD theory.
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